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Abstract 

In this paper we generalize the previous works to the case that the near-horizon dynamics of 
the Einstein-Dilaton-Axion theory can be governed by the incompressible Navier-Stokes equation 
via imposing the Petrov-like boundary condition on hypersurfaces in the non-relativistic and near¬ 
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isotropically saturates the Kovtun-Son-Starinet (KSS) bound, is independent of both the dilaton 
field and axion field in that limit. 
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I. INTRODUCTION 


The correspondence 
(AdS/CFT) proposed in 


Detween anti-de Sitter gravity and Conformal Field Theory 
l|-l^ provides a powerful tool on the connection between gravita¬ 


tional physics in the bulk and hydrodynamics living on its boundary. Since Damour first! 


irsw 

idfl, 


found that the gravitational excitations of the black hole horizon behaved like a fluid 
the hydrodynamical behavior of gravity has been extensively studied in literature jb- 231. In 
particular, recent progress on fiuid/gravity duality in the context of AdS/CFT has shed 


more insightful light on relating the ’ 
general class of spacetime geometries 


Einstein’s equation to the Navier-Stokes equation for a 


12 


13 


15| . In this setup the gravitational fluctuations 


confined in between the horizon and a finite cutoff at radius r = can be mapped into a 
dual holographic fluid living on the cutoff surface. Traditionally, directly disturbing the bulk 
metric under the regularity condition of the horizon and fixing the induced metric on the 
boundary, the correspondence between gravitational dynamics in the bulk and hydrodynam¬ 
ics on its boundary can be constructed successfully in the non-relativistic long-wavelength 
expansion, and those dual hydrodynamical quantities can be also explicitly read off via the 
standard procedure in AdS/CFT dictionar y, w hose dependence on the cutoff Tc is viewed as 
the renormalization group flow in the fluid 18l-l23|. 

Very remarkably, the gravity/fiuid duality was firstly implemented by imposing the 


Petrov-like condition on the cutoff surface in the near horizon limit 


24| instead of the 


regularity condition on the horizon in Rindler spacetime. It has been shown that embedding 
a hypersurface into a Rindler spacetime, the gravitational fluctuation can be reduced 
exactly to the incompressible Navier-Stokes equation living on one lower dimensional fiat 
spacetime. More explicitly, in this approach keeping the induced metric fixed and taking the 
extrinsic curvature as fundamental variables, one directly required the extrinsic curvature 
perturbations to satisfy the Petrov-like condition such that in the non-relativistic limit and 
the near horizon limit the continuous equation of the Brown-York tensor can give rise to 
the incompressible Navier-Strokes equation. In this sense, the Petrov-like condition plays an 
important holographic role on this correspondence. In contrast to traditional approaches, 
this kind of setup is mathematically much simpler and elegant, since it doesn’t even need to 
construct explicitly the metric perturbation in the bulk, thus no need to solve the perturbed 
Einstein equations in the bulk either. Due to this powerful condition, recently there have 
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been greatly interesting extensions in 251-135 1. 


On the other hand, an interesting conjecture, which said that the ratio of dynamical 
shear viscosity to entropy density was no less than was proposed in [3^. This is the so- 

called “KSS bound”. However, this bound was later found to be violated in the anisotropic 

□ 

holographic Dlasma |37l|. S ince then, the problem of KSS bound violation has attracted a 
great deal of attention 


38 


43l | in the anisotropic gravitational systems. 


Motivated by the above progress, it should be interesting to ask how about the grav¬ 
ity/fluid duality under the Petrov-like boundary condition in the context of an anisotropic 
gravitational system. In this paper we will provide an answer to this question. It turns 
out that we can still obtain the standard Navier-Stokes equations under the non-relativistic 
and near horizon limit, but the anisotropy of the gravitational background only results in 
an anisotropy of the background pressure, while the ratio of dynamical viscosity to entropy 
density is still isotropic and saturates the KSS bound. 

The rest of our paper is organized as follows. In Section 2 we briefly review some impor¬ 
tant formulas. In Section 3 we will derive the incompressible Navier-Strokes equations on 
a spatially flat hypersurface from an anisotropic gravitational system in detail. In Section 
4 we will give a summary and some discussions. In the appendix we present a detailed 
calculation for the last term of the Petrov-like condition 


II. SOME IMPORTANT FORMULAS 

In this section, here we would like to review some important relations that play the role 
of bridge on the gravity/fluid duality. Let us start with the gravitational side. Firstly, 
we naturally require p-|-2 dimensional spacetime geometry to satisfy the standard Einstein 
theory: 


Gfiy p, p 0,..., p -|- 1, (1) 

where g^y is a metric of the p -|- 2 dimensional spacetime, A is a cosmological constant and 
T^y is energy momentum tensor in the bulk. Secondly, in order to discuss the behavior of 
dual fluid, in the p -|- 2 dimensional bulk space one needs to embed a p -|- 1 dimensional 
timelike hypersurface with a induced metric 7 ab, whose extrinsic curvature Kab should 
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satisfy the p + 1 “momentum constraints' 


- labK) = 

as well as the “Hamiltonian constraint” 


( 2 ) 


+ KabK^^ -K^ -2A = -2T^^n^n\ 


( 3 ) 


where Da is compatible with the induced metric on Sc, namely Da'jbc = 0, is the trace of 
extrinsic curvature and is the unit normal to Sc- 

For imposing Petrov-like condition on this cutoff surface one must decompose the p-|-2 
dimensional Weyl tensor into those p-|-l dimensional quantities in terms of the intrinsic 
curvature, extrinsic curvature and induced metric on the hypersurface. The framework has 


been specifically introduced in previous literature 


24 


26 |, 


2A — 2T 

C'abcd ^ Rated R-adR-hc Rac^bd | ^^{^'yad'ybe 'yac'Jbd') 


p{p+l) 


9 "i 

Cabc{n) DaRbc DbRac QcnsR'y/S Qp'yR'Sa Q^sT-ya) •> 

Cain)cin) = KKac " Ka^Kbc + Ray " Rac - ^^7ac 

(^day'^S/S Oas'^yfi 9l3y'^Sa T Q/Ss'^ya')- 
Thus the Petrov-like boundary condition on Sc is dehned as 


( 4 ) 


C{£)i(e)j = = 0, 


( 5 ) 


where p -|- 2 Newman-Penrose-like vector fields satisfy the following relations 


= k‘^ = 0, {k,i) = 1, {k,mi) = = 0, {m\mj) = Sy, 


( 6 ) 


where jab = Oab—naUb, Cabc{n) = Cabcfin^- In the absence of matter field, the traceless Petrov- 
like boundary condition on Sc actually causes p(p -|- l)/2 — 1 constraints on the extrinsic 
curvature such that it can reduce exactly the (p-|- l)(p-|-2)/2 degrees of freedom of extrinsic 
curvature to p-|-2 unconstrained variables which can be viewed as the energy density, pressure 
and velocity helds of the dual fluid living on the cutoff surface. The Hamiltonian constraint 
becomes a equation of state linking the energy density to pressure of such dual fluid, while 
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the p + 1 momentum constraints govern the evolution of the dynamics of gravity which is 
regarded as a fluid living on hypersurface. 

In the presence of matter held, on the surface we generally need further to introduce 
some appropriate boundary condition for matter held so that the total degree of freedom 
can correctly present the dual hydrodynamical behavior. For vacuum case of Einstein theory, 
it can be governed by the initial-boundary value problem (IBVP) Based on the idea 
by Friedrich and Nagy, we can see that Petrov-like boundary condition can be viewed as the 
free boundary data of IBVP of vacuum Einstein system. This hint gives us a guideline for 
searching a suitable boundary condition for matter held. 


III. NAVIER-STOKES EQUATIONS IN THE ANISOTROPIC SPACETIME 


In this section, employing the Petrov-like boundary condition on the cutoh surface em¬ 
bedded in a hve-dimensional anisotropic spacetime, we will explicitly demonstrate how to 
derive the incompressible Navier-Stokes Equations from the anisotropic linear axion model 


under the near horizon and non-relativistic limit. As showed in 
the Einstein-Dilaton-Axion theory can be written as 


39 


45 


46l |. the action of 


S = j + 12) - (7) 

where = IbvrGs is the hve-dimensional gravitational coupling, 0 and x the dilaton 
held and the axion held, respectively. Here we have set the cosmological constant scale 
L = 1. Then the equations of motion for the axion, the dilaton and the gravitational held 
can be presented respectively 


V^(e^^V^x) = 0, 

(8) 

V^V>-e27(ax)2 = 0, 

(9) 

= 0. 

(10) 


Here we have used = SttGs = 1. We consider such spacetime geometry 
preserving rotational invariance in the x-y plane, which can be written as 


39, 


4 ^, 


46| 


ds\ = e 2 [—f[r)B{r)dt^ + 2\/B{r)drdt + r‘^dx‘^ -|- r^dy^ + r‘^H{r)dz'^], (11) 

where and /(r) = r‘^F{r) only depend on the radial coordinate r. x is a linear 

function, namely y = az, where a is a constant. At the horizon of this geometry f{rh) 
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should be vanishing, namely f{rh) = 0, which is equivalent to F{rh) = 0. H{r) is related 
to the dilaton field 0, namely H{r) = When H{r) = 1, this spacetime has spatial 

isot ropy . Otherwise, it is anisotropic. The relevant anisotropic solutions have appeared in 


39, 


m 


46| . Thus here we do not try to repeat it in detail, whereas mainly focus on the 


hydrodynamical behavior of the gravity. The hypersurface located by r = r,, outside the 
horizon of this geometry can be naturally introduced by 


dsl = —f{rc)B{rc)e dt'^ + r^e + r^e + rlH{rc)e 

= —dx^"^ + + rlH{rc)e~^‘^^''‘'^dz‘^, (12) 

where f {vc)B= x^. Obviously the hypersurface embedded is intrinsic fiat. To 
exhibit explicitly the non-relativistical behavior of dual hydrodynamics on this hypersurface, 
we further need to introduce a parameter A by rescaling the time coordinate = r. Thus 
the above induced metric can be rewritten as 


ds^p+i = ——+ r^e + r^e + r^id(rc)e dz'^, (13) 


Later, one can see that both the non-relativistical limit and the near horizon limit will be 
implemented by identifying the parameter A with the location of the hypersurface, namely 
Tc — Tfi = {aXy such that taking A —)■ 0 means these limits can be achieved simultaneously. 
Taking A ^ 0 limit implies that the hypersurface is highly accelerated, which is thought 
of as the large mean curvature. It is easily checked that the background quantities of the 
components of extrinsic curvature defined on the hypersurface Sc have following forms in 
the coordinate(r, X®) 


K 


64^ 


0 


/' , VTcB', 




+ 


2Br 


= 64 

ei0c( 






g4<i 


Tc 

f 


+ 


4 ^ 2H, 

VTcB [ , 3/A 

2Br 


) 




( 14 ) 


where the prime / denotes derivative with respect to r. Here, for the convenience, we have 
abbreviated the background terms, namely ‘h(rc) = <hc 5 where $(rc) includes /(rc), 4>{tc), 
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B{rc) and H{r^ above. Furthermore, in order to describe definitely the perturbation effect 
of gravity, as appearing in 


variable, which is defined as 


25| . we still take the Brown-York stress tensor as fundamental 
t\ = S\K-K\, (15) 


In coordinate (r, X*), we can further rewrite the components of extrinsic curvature and its 
trace in terms of their corresponding Brown-York tensors , 


K\ = - 
3 


K\ = -t\, 


= -t'j + 

o 


K =-. 
3 


(16) 


Now we can start to investigate the hydrodynamical behavior of the gravity on the cutoff 
surface in the near horizon limit and non-relativistic limit. Note that in contrast to the 
conventional perturbation method that uses the metric expansion to solve the perturbation 
Einstein equations, and then governs the Brown-York tensor dynamical behavior identified 
with the energy momentum tensor of hydrodynamics on hypersurface, here we take the 
Brown-York tensors as the fundamental variables and consider directly its fluctuations on 
the cutoff surface, without solving the perturbation gravitational equations, while keeping 
the intrinsic induced metric of the surface fixed. Thus we can expand their components in 
powers of A as 


t\ 
t\ 

f ■ 

t 

where the Latin alphabets i,j of the term inside the square brackets in the third 

line of the above equations runs as the Latin alphabets i, j outside the square brackets, but 
the former does not join in other behaviors such as contraction. To obtain the perturbation 
behavior of gravity in the near horizon limit, we need to expand the background terms of 


= 0 + Af 


.( 1 ) 


+ 


= 64^ 


= 64'^'= 


r3 fj ^\/Tc(i>'c I '/TcH' (1) 


+ 






\ J.2 (1) 


2Bc Tc 


2Hr 




2Hr 


+ Af 


2/^ 




2Br 


2Hr 


+ ... 

(17) 
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the above stress tensors around the horizon in powers of — Vh identihed with 

fc = + ... 

= Hh + H'^a^X^ + ... 

Be = Bh + B'l^a^X^ + ... 

<pc = <ph + 0h®^A^ + . . . 


( 18 ) 


one will see that this strategy unifying the non-relativistic limit and near horizon limit plays 
an essential role in deducing successfully the standard Navier-Strokes Equation. Now we 
consider the specific form of “Hamiltonian constraint” in Eq.([2]), whose form is rewritten in 
terms of the components of Brown-York stress tensor 


t\t\ + = "12 - 2T,,n^n'^ 


(19) 


Note that all the indices of the physical quantities on the hypersurface here are lowered or 
raised with jab and 7 “^. Plugging Eq. lfTSj) and Eq. lfTT)) into Eq. dT^ . we find that the leading 
term of the constraint at the order vanishes automatically and the sub-leading one gives 
rise to 

f/off 2 

rW = - 3 e 3 ‘^'*(^ - + 6 - 3'^'“(12 - ^^) ( 20 ) 

Th 4 

where 7 ( 0 )”^"' = 7 ”*”(r/i) and H{r) = have been used. Now we turn to considering 

Petrov-like boundary condition on hypersurface. After choosing 3 + 2 Newman-Penrose-like 
vector fields, 


gi<i 


gl</ 


gi<i 


\/ 2 i = do-n, \/ 2 /c = -c^o - n, rui = -9i, m 2 = - 82 , m 3 = — -^ 8 ^, ( 21 ) 

r r rVH 

the Petrov-like boundary condition ([5]) can be generally presented as 


CoiQj + CQij(^n) + + Ci(^n)j(n) 0 ( 22 ) 

To obtain conveniently the dynamical behavior of this geometry, making use of Eq.(jl]) we 
can rewrite explicitly the condition in terms of Brown-York stress tensor as 

- t\t\, + 2\d,C-S‘=^ - tj) + 

+ Btfj) - = 0 , 


( 23 ) 




where 


= 7"S“7/^a/3 - 




2WjTra 


n 


(24) 


The details of the calculation can be found in the Appendix. Substituting Eg . 0171) and 
Eg. dm) into the above eguation fl2^ . we find that the background as a leading term satisfies 
automatically the Petrov-like condition at the order of 




4a2A2 


' 4a2A2 


(25) 


and the perturbations of the gravity as sub-leading terms at the order of A°, which gives rise 
to 


^ i 


- —cj) 

* ^ Th 4 


- 5K5' 


/(I) 


3 f h \ xk 




4>h 


(26) 


Here we have used = 1. In intrinsic flat hypersurface, since vanishes for choosing 

b = T,i, the momentum constraint (E]) in terms of Brown-York tensor f“b reduces to be 


5Xb = 0 . 


(27) 


When fe = r, we can directly derive the incompressible condition from the above eguation, 
which is 


0(A-^) : dkV^ = 0. 


(28) 


When b = j, utilizing Eg. fl26|) . we can straightforwardly derive the standard Navier-Stokes 
eguations. 


drVj -1- v’^dkVj — vd^Vj -I- djP±_ = 0, (j = 1,2) 

drVs + v^dkVs - ud'^vs + dsPii = 0. {j = 3) 


Here we have defined the transverse and longitudinal pressures as 


p± 

1 fd) 1 

= 2e“^'^'‘[- 

4 


3 

'rh 

p 

1 fd) 1 

= 2e“^'^'‘[- 

4 


^ 3 

'rh 


4 ' 

M 

4 




- 4 ) 1 , 


(29) 

(30) 


(31) 

(32) 
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respectively. It is worth noting that, in the context of AdS/CFT, the background pressures 
in the dual fluid contain some important background information in the bulk. The differ¬ 
ent pressures in the dual Navier-Stokes equations (|2S]) and flSUD . in some sense, reversely 
indicate that the dual spacetime is anisotropic, which distinguishes from the situation with 
identical pressures that mean the dual spacetime is isotropic. In this sense, the background 
pressures are non-trivial. However, the difference between the transverse pressure Pj_ and 
the longitudinal one P\\, as shown in Eqs. fIST]) and fl32l) . is just a constant. Moreover, from 
Eqs.([3T]) and ([32]), it is easy to hnd that the background pressures contribute nothing to 
the dynamical behavior in the dual hydrodynamics, since their spatial derivatives vanish 
automatically. As a consequence, we can drop the background pressures terms so that the 
usual Navier-Stokes equation can be still presented as 


drVj + v^dkVj — vd^Vj -\- djP = 0, (j = 1, 2, 3) (33) 

where the pressure P has been identihed with 2e“3‘^'‘^. In addition, we have also identihed 
and the kinematic shear viscosity u = above. In particular, the ratio 

of dynamical viscosity to entropy density is 


7] up 
s s 


}.e\4>he-\^h 

- = 2G = —. 

dvr 


1 

4G 


( 34 ) 


Here we have used SvrG = 1, and the entropy density s = ^. The above equation indicates 
that under the non-relativistic and near-horizon limit the dynamical viscosity of this dual 
fluid is still isotropic and saturates the KSS boundjS^, even in the anisotropic holographic 
setup considered here. 


IV. SUMMARY AND DISCUSSIONS 


In this paper we have generalized the previous works 


24 


26[ | to the case in which the 


dynamical behavior of the Einstein-Dilaton-Axion theory can be governed by the incom¬ 
pressible Navier-Stokes equations via imposing the Petrov-like boundary condition on hy¬ 
persurface in the non-relativistic limit as well as in the near horizon limit, such that the 
holographic nature and the elegance of the Petrov-like condition have been further disclosed. 
Here requiring that the Petrov-like condition holds on the cutoff surface, while keeping the 
induce metric on this surface hxed, we have demonstrated that in contrast with the Navier- 
Stokes equation with unit kinematic shear viscosity in the previous works, the kinematic 
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shear viscosity of such fluid equation in our scenario is related to the value of the dilaton 
field on the horizon. However, the ratio of dynamical shear viscosity to entropy density 
is still the constant although the anisotropic effect has been considered. This likely 
means that such boundary condition under the large mean curvature limit sustains the KSS 
bound. In addition, the anisotropic background spacetime gives rise to the anisotropy of 
the background pressures, which distinguishes from the isotropic case that leads to the same 
background pressure. The difference of dual hydrodynamic pressures between the transversal 
and the longitudinal to the anisotropic direction is only constant which is given by the gra¬ 
dient of the axion field and the relevant values of the dilaton field on the horizon. Since the 
spatial derivatives of the background pressure terms vanish automatically, they do not affect 
the dynamical effect of such dual fluid. As a result, we can ignore these constant pressure 
terms and redefine the pressure in dual hydrodynamics such that the usual Navier-Stokes 
equation can be still obtained. 

In standard approaches in AdS/CFT, the (dynamical) shear viscosity of the boundary 
dual fluid in anisotropic setups generally becomes a symmetric tensor with different eigen¬ 




values in anisotropic directions, which violates the KSS bound in certain directions! 

Our result for the horizon fluid is more like that considered in j^, 48|, where the ratio of 
dynamical shear viscosity to entropy density is always ^ in spite of the anisotropy of the 
holographic setup. Nevertheless, a deep understanding of the relationship between these 
formalisms is still lacking. 

On the other hand, it should be an interesting problem that adopting the traditional 
non-relativistic long-wavelength limit, how about the hydrodynamic behaviors of gravity at 
hnite cutoff surfaces and the corresponding transport coefficients in such anisotropic systems. 
The systems at cutoff surfaces can interpolate between the horizon fluid and the boundary 
OFT, which is then related to the understanding of the different results of shear viscosities 
mentioned above. This aspect is left for future works. 


Acknowledgments 

We would like to thank Yi Ling for the useful discussion and suggestions. We are also 
grateful to the anonymous referee for helpful suggestions. This work is partly supported 
by the National Natural Science Foundation of China (Grant Nos. 11175245, 11575286 and 


11 








11475179). 


Appendix 


In this Appendix we need to present that the Ricci tensor and the momentum energy 
tensor in bulk are how to contribute the Petrov-like condition in detail. From the variation 
of the action ([Tj), the momentum energy tensor can be given by 


+ e^^d^xduX - '^e^^g^ug'^^daXdpX, (35) 


where y is a linear Axion held, namely y = 02 ; and a is constant. Using the above equation, 
the all components of this tensor can be straightforwardly calculated as 

Tu = 

T,r = -llg,rg’''(dr4>Y + lei*g,r 

Tu = 0 , 

Trr = {dr(j)f, 

Tri = 0 , 

T., = -l\gi,g’'’'(dr4>Y + 

T = g'“’T,, = -l^g’-’-{ar4>r + ■ 

The Einstein equation ([T]) in the dilaton-axion model can be rewritten as 

-T - 12 


a , 

^ 2 ^(r)J’ 

(36) 

a ^ 
r‘^H{r) ’ 

(37) 


(38) 


(39) 


(40) 


(41) 

hi* 1 

2 r'^H{ry 

(42) 


Tfii/ 


^g^iv T Tf^i/. 


(43) 


Imposing the above equations, Eq. fET)) can be presented as 
fiU = - 45 U + 62 


?k _ AXk , ^ 


rlH, 




Here we have used the result 


(44) 


Tr^n^ = 0 . 


(45) 
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